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The optical properties of periodic arrays of plasmonic nanoantennas are strongly affected by coherent
multiple scattering in the plane of the array, which leads to sharp spectral resonances in both transmission and
reflection when the wavelength is commensurate with the period. We demonstrate that the presence of a
substrate i.e., an asymmetric refractive-index environment can inhibit long-range coupling between the par-
ticles and suppress lattice resonances, in agreement with recent experimental results. We find the substrate-to-
superstrate index contrast, and the distance between the array and the interface to be critical parameters
determining the strength of diffractive coupling. Our rigorous electromagnetic simulations are well reproduced
by a simple analytical model. These findings are important in the design of periodic structures and in the
assessment of their optical resonances for potential use in sensing and other photonic technologies.
DOI: 10.1103/PhysRevB.82.155447 PACS numbers: 42.25.Fx, 41.20.Jb, 78.66.Bz
I. INTRODUCTION
Scattering of light by periodic metallic structures has
been well studied for over a century in the context of dif-
fraction gratings.1–3 The subject has recently received re-
newed attention4,5 with the prediction6,7 and experimental
observation8–12 of interesting optical phenomena that result
from the interaction between the geometrical resonance
associated with light diffraction and the excitation of local-
ized surface-plasmon resonances in metallic nanoparticles,
which play the role of plasmonic nanoantennas.13 In addition
to the interesting physics revealed in such systems, a number
of applications have been proposed, including nanoscale en-
ergy transport,14,15 sensing,16,17 and modifying spontaneous
emission,18 which rely on the improved quality factor result-
ing from the reduction in radiative damping of the array as
compared to localized plasmons excited in isolated particles.
Recent advances in the control of the angular emission from
quantum dots are also based on diffractive coupling of an-
tenna elements.19
Two-dimensional arrays of nanoantennas can be produced
with good fabrication control by techniques such as electron-
beam lithography,8–11,20 contact printing,12 and colloidal
chemistry.21 These samples are most commonly manufac-
tured on a substrate of high refractive index compared to the
upper medium typically air or water for biosensing applica-
tions. It has been suggested from experimental data10 and
theoretical modeling22 that such an asymmetric configuration
is incompatible with the existence of delocalized surface
modes and therefore prevents the observation of efficient
narrowing of the localized surface-plasmon line shapes. This
is in contrast to other studies of fluorescence in particle
arrays.18
Here, we elucidate the conditions under which strong dif-
fractive coupling may occur in the asymmetric configuration.
In particular, we examine the reflectivity of gold nanoan-
tenna arrays in close proximity to a substrate. A sharp tran-
sition is observed when varying the particle size above a
certain threshold, leading to the sudden emergence of lattice
resonances, and establishing a clear difference in the behav-
ior of lithographically patterned nanoantenna arrays depend-
ing on the thickness of the metal layer. Likewise, we find the
refractive-index contrast and the array-substrate separation to
be critical parameters.
II. MODELING PARTICLE ARRAYS NEAR A SUBSTRATE
The system under study is schematically depicted in Fig.
1a. It consists of an infinite square array of gold spheres
placed in water close to a glass substrate and illuminated
under normal incidence. For the particle dimensions under
consideration, the optical response of each individual sphere
shows a characteristic dipole plasmon resonance, as shown
in Fig. 1b for two different host materials. The interaction
between the particles in the array leads to additional, sharper
features that correlate with the diffracted orders of the lattice,
as shown for some specific geometrical parameters in Fig.
1c. In particular, for a homogeneous environment, the
0,1 diffraction feature occurs when the wavelength in the
medium is close to the period,  /n=a. This condition is
obviously dependent on the refractive index n Fig. 1c.
Strikingly, the diffraction feature disappears when the array
is placed in an asymmetric environment, close to an interface
Fig. 1c. Interestingly, the reflectance maximum associated
with the dipolar plasmon shifts to the blue in this configura-
tion as a result of interference between light scattered from
the particles and the wave reflected at the planar interface
the specularly reflected beam at the planar interface inter-
feres with the beam scattered from the spheres, which under-
goes large phase shifts as the wavelength sweeps across the
plasmon resonance, thus distorting the line shape, unlike
what happens in nonspecular reflectance, for which such in-
terference is not present.
We set out to explain the origin of the suppression of
diffraction close to the interface. The results of Fig. 1c are
obtained from rigorous multiple-scattering numerical solu-
tion of Maxwell’s equations23 with the gold described by a
tabulated measured dielectric function24 and the rest of the
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materials having wavelength-independent refractive index.
However, this method of solution does not provide insight
into the origin of the effect, which we explore next using a
simple analytical model that allows us to determine the most
relevant parameters involved in the phenomenon of inhibi-
tion of collective resonances in the arrays. A variety of semi-
analytical and numerical techniques have been developed in
this context.25–32 For the geometrical parameters under con-
sideration, it is reasonable to represent the particles as in-
duced point dipoles, for which we obtain the polarizability 
from the first Mie coefficient.33
In the array, the dipole moment p j at each particle site j
satisfies the self-consistent coupled-dipole equation
p j = EextR j + 
jj
G0R j − R jp j	 , 1
where Eext is the external electric field and the sum gives the
field induced by other particles j at the lattice position R j.
Here, G0r= k12+expik1r /r is a Green’s tensor that
yields the electric field produced by a dipole in the surround-
ing homogeneous medium of refractive-index n1 and light
wave vector k1=kn1, where k is the free-space wave vector.
When the wavelength in the medium 2 /k1 is commen-
surate with the period of the array a, scattering of the inci-
dent light by the array produces diffracted beams. Only some
of these beams are propagating but the remaining evanescent
waves play an important role. For wavelengths above the
0,1 threshold in the spectra of Fig. 1c, only the specular
beam is propagating, but four additional beams 0,1 and
1,0 become propagating at shorter wavelengths. These
beams are evanescent above the offset wavelength for dif-
fraction but in the presence of a substrate they may undergo
multiple reflections in the cavity formed between the array
and the interface, thereby contributing to the reflectivity of
the combined system. Thus our approach is to model the
inhomogeneous environment using a Green’s tensor based
upon the homogeneous environment and to add the effect of
the substrate through multiple reflections from the sub-
strate.
The influence of the substrate on the beams is further
illustrated in Fig. 2a, which presents dispersion diagrams in
the form of reflectance as a function of the total and parallel
light wave vectors, k1 and k
, respectively. The curves in Fig.
1c correspond to cuts of the color plots of Fig. 2a along
the vertical axis. For homogeneous environments left and
central plots, diffraction features are clearly visible near k1
=2 /a. However, these features disappear in the presence of
a substrate right plot. Figure 2b shows that the 0,1 fea-
ture for normal incidence can receive contributions from dif-
fracted beams with k
=2 /a via momentum exchange with
the lattice. Therefore, these diffraction beams have to be in-
corporated into our model and we show below that the sub-
strate enhances their effect to the point of suppressing dif-
fraction.
It should be noted that diffraction originates in long-
distance interaction between particles, which are polarized
along the direction of the external field, xˆ. Now, the dipolar
field dies off faster than 1 /r with the distance along xˆ, and
therefore, the 1,0 beams are not expected to play a sig-
nificant role. Thus, in our minimal model we only include
three beams with parallel wave vectors g0= 0,0 specular
beam and g1= 2 /ayˆ diffracted beams.
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FIG. 1. Color online a Schematic representation of the system under study. An infinite periodic two-dimensional square array of gold
nanoparticles is situated in a semi-infinite, homogeneous medium of refractive index n1 at a distance d above a substrate of refractive index
n2. The center-to-center separation between particles is a. Light is incident from the superstrate medium with a direction normal to the plane
of the array and polarization along a lattice vector xˆ. b Elastic scattering cross section of an individual gold sphere immersed in water
n=1.33 and in glass n=1.46, as obtained from Mie theory. c Same as b for a particle array of period a=500 nm rather than an
individual particle, also including the asymmetric configuration in which the spheres are in water with their surfaces located at a distance of
1 nm from a glass substrate. Vertical dashed lines indicate the position of the 0,1 and 1,1 diffraction conditions in the different media.
All gold nanospheres are taken to have a radius of 35 nm.
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For an incident TE-polarized beam of parallel wave vec-
tor gm with unit electric field along xˆ, the induced dipoles
have the form p j = pm expigm ·R jxˆ, which upon insertion
into Eq. 1 yields
pm =
1
1/ − Gm
Eext, 2
where Gm= j0G0R jexp−igm ·R j is a lattice sum repre-
senting the collective interaction between dipoles notice that
the R0=0 site is excluded from the sum.34 Both pm= p and
Gm=G are independent of m for the three gm beams under
consideration. We show
G = 
j0
G0R j 3
in the Appendix.
The reflection coefficients of the array can be obtained
upon examination of the scattered field. In particular, the x
component reduces to
Ex
scat
= 
j
k12 + 2x2 e
ik1r−Rj
r − R j
p . 4
This equation is just the sum of the fields produced by all
induced dipoles. Now it is useful to expand the spherical
waves of this expression in parallel wave vector space as
eik1r
r
= d2Q22 2ikz eiQ·r+ikzz, 5
where kz=k12−Q2 is the normal wave-vector component. In-
serting Eq. 5 into Eq. 4 and using the relation
 jexpiQ ·R j= 42 /a2gQ−g, we find
Ex
scat
= 
g
2i
a2kz
eik·rk1
2
− gx
2p ,
where g runs over reciprocal lattice vectors and k=gkzzˆ.
Noticing that gx=0 for the three beams included in our
model, the scattered field can be approximated by
Ex
scat  
m
2ik1
2
a2kz
eik·rp 6
in which both k and kz depend on m through the lattice
vector gm. The reflection coefficient of the array ra can be
expressed as a 33 matrix with coefficients r
mm
a
relating the
incident beam m to reflected beams m. Using Eqs. 2 and
6, we find
r
mm
a
=
2ik1
2
a2kzm
 11/ − G ,
where kzm=k12− 2m /a2.
The incident plane wave and the beams diffracted by the
array are specularly reflected at the interface with the sub-
strate, for which the coefficients of the reflection matrix rs
are obtained from Fresnel’s formula for TE polarization
r
mm
s
= mm
kzm − kzm
kzm + kzm
, 7
where kzm =k22− 2m /a2. Multilayered substrates can be
straightforwardly included in this analysis by introducing a
suitable reflection coefficient. In particular, the case of sub-
strates supporting surface modes may introduce new spectral
features;35 this is however beyond the scope of our present
study.
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FIG. 2. Color online a Dispersion diagrams showing the re-
flectance of square arrays of 35-nm-radius gold particles immersed
in water left, in glass center, and in water at a surface-to-surface
distance of 1 nm from a water-glass interface right, see Fig. 1a.
Here, k1 is the wave vector in the host medium, k
 is the parallel
wave vector along a principal lattice direction, and a=500 nm is
the lattice period. The incident polarization is TE. b Scheme
showing the first Brillouin zone shaded area and its vicinity. The
dashed lines light line and diffracted light line correspond to the
condition of grazing low-order diffracted beams. The circles signal
the three beams contributing to the 0,1 diffraction spectral
anomaly under normal incidence via 0,2 /a wave-vector
transfers from the lattice double-arrowed horizontal lines. c Cal-
culated normal-incidence specular reflectance of the square array in
the asymmetric environment considered in a. Rigorous numerical
solutions of Maxwell’s equations including multipoles with orbital
angular momentum up to l=4 are compared with a simplified solu-
tion using only dipoles l=1. These results, which require a large
number of diffracted beams 20 to get convergence, are compared
with our analytical model for dipoles Eq. 9 using only one beam
zero order, central circle in b or three beams all circles in b.
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The composite array-substrate system forms an optical
cavity, for which the total reflectivity must incorporate the
effect of multiple internal reflections. A Fabry-Perot type of
analysis yields the combined reflection matrix
r = ra + taPrsP
1
1 − raPrsP
ta, 8
where Pmm=mm expikzmd describes plane-wave propaga-
tion across the cavity and the transmission matrix of the
array satisfies t
mm
a
=mm+rmm
a
.
34 Finally, Eq. 8 gives an
analytical expression for the specular reflectivity coefficient
of the zero-order beam
r00
tot
=
r00
s e2ik1d2e2ikz1dr10
a r11
s
− 2r00
a
− 1 − r00
a
2e2ikz1dr10
a r11
s + e2ik1dr00
a r00
s
− 1
. 9
This expression reveals an intricate dependence of the reflec-
tance of the composite system on the various physical pa-
rameters. The phase factors exp2ikzmd yield a periodic
modulation in regions far from intrinsic or lattice resonances
Fabry-Perot effect. The poles in Eq. 9 do not trivially
expose the position of the modes supported by the structure
because the numerator of Eq. 9 may compensate for a pos-
sible divergence. Lattice resonances may occur through two
different sources. First, the coefficients ra contain a factor of
the form 1 /−G−1, which is responsible for the lattice
resonance in a self-standing array near the diffraction edge.
Second, the reflectivity coefficient r10a for the grazing dif-
fractive orders has a factor kz
−1
=1 /k1− 2a , which di-
verges right at the diffraction edge. It is precisely the inter-
play between the divergent terms in the numerator and the
denominator of Eq. 9 that is responsible for the cancella-
tion of the diffractive coupling in an asymmetric configura-
tion.
This is clearly illustrated in Fig. 2c, in which we assess
the accuracy of this model in describing the optical proper-
ties of an array of small gold spheres near a substrate. The
reflectance predicted by Eq. 9 broken curves is compared
to a rigorous calculation based upon a multiple-scattering
formalism described elsewhere28,40 solid curves. The re-
sults from the analytical model are nearly identical to those
of the full calculation near the 0,1 diffraction edge and
both predict a featureless spectrum in that region. In contrast,
a simplified version of the model accounting for only the
specular beam dotted curve; Eq. 8 reduces to a scalar
equation for the zero-order beam shows a pronounced 0,1
feature. The conclusion is clear: diffracted beams cancel the
long-range coupling between particles in the presence of a
substrate. Physically, this cancellation occurs because of the
interference between the reflected grazing diffracted orders
and the direct dipolar coupling in the superstrate medium:
the reflection coefficient of a planar surface becomes –1 near
grazing incidence i.e., near kz=0, see Eq. 7, and thus, the
reflected field cancels the direct field in the interaction be-
tween distant particles sitting near such surface as the re-
flected field communicating both particles becomes grazing
at large separations; this averts the possibility of having ef-
ficient in-phase accumulation due to the interaction between
distant particles, which is the key ingredient to sustain array-
resonances.
The accuracy of the three-beams model described by Eq.
9 is good near the 0,1 diffraction edge. However, at
shorter wavelengths, and, in particular, around the 1,1 dif-
fraction edge, both the zero-order beam dotted curve and
three-beams model dashed curve predict a nonexistent
spectral peak. This feature disappears when more beams are
incorporated into the analytical model.
Incidentally, we have also checked the validity of the di-
polar approximation by including higher order multipoles in
the rigorous calculation up to l=4. The results are nearly
indistinguishable regardless the number of multipoles
present in the full calculation, as expected for spheres that
are much smaller than the wavelength. In what follows, we
investigate the influence of several physical parameters on
the strength of the diffractive peak using the analytical model
of Eq. 9.
III. RESULTS AND DISCUSSION
In Fig. 3 we investigate the dependence of the reflectance
on the distance between the array and the substrate. The
figure clearly shows the transition between the absence of
diffraction when the particles are touching the interface and
the sharp diffraction peak obtained at large distances, corre-
sponding to the limit of a homogeneous environment. As the
array-substrate distance is reduced, this mode decreases in
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FIG. 3. Color online Calculated normal-incidence specular re-
flectance of a square array of 60-nm-radius gold spheres immersed
in water and placed above a glass substrate see Fig. 1a. The
lattice period is 500 nm. The distance from the bottom of the
spheres to the substrate is varied from 1 nm to 2 m see labels.
Dashed curves: analytical model of Eq. 9. Solid curves: fully con-
verged multiple-scattering numerical solution.
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strength and begins to red shift for separations below 200
nm. Eventually, the mode disappears and a new, weaker peak
is observed at the diffraction condition for the substrate me-
dium.
A similar transition occurs when the index of the substrate
is made to match that of the superstrate. In Fig. 4a we show
reflectance spectra for a range of index differences. As the
index asymmetry is reduced, the mode strength increases
dramatically after the asymmetry is below a threshold value.
This is clearly observed in the evolution of the peak maxi-
mum with index contrast Figs. 4b and 4c. The threshold
for diffraction inhibition seems to depend on both the period
of the array and the size of the particles. In general, this
threshold occurs at larger contrast when the particles are big-
ger or the period smaller and the transition is smoother for
smaller period. Actually, particles of larger size relative to
the period deviate more from the ideal situation of small
particles situated close to the interface, thus involving sig-
nificant phase factors P see Eq. 8 that make the diffrac-
tion feature more robust against index contrast. A less intui-
tive result is that the array period does not substantially
affect the maximum reflectance for a symmetric medium al-
though the fractional occupancy of the spheres is inversely
proportional to the period squared. This mode is associated
with diffraction and the reflectivity of the system is therefore
strongly affected by coherent multiple scattering so that a
simple geometric scaling rule is no longer applicable.
Because spheres of increasing radius need to be placed
further away from the substrate, the transition of Fig. 4 might
perhaps be attributed to the effect discussed in Fig. 3 the
changing distance between the substrate and the sphere
centers as the particle radius increases. To further discrimi-
nate between the two effects—the particle-centers separation
from the substrate and the polarizability of the particles—we
explore next arrays formed by elongated ellipsoids of in-
creasing aspect ratio, showing that an increase in polarizabil-
ity drives a transition between suppression and emergence of
diffraction features. Within the framework of the dipolar ap-
proximation used in our analytical model, we adopt the po-
larizability prescription developed by Kuwata et al.,33 which
provides a good approximation for subwavelength particles
of moderate aspect ratio. Figure 5a presents results of this
model for prolate gold ellipsoids immersed in water. The
incident field is polarized along the long-axis of the particles.
We have performed rigorous T-matrix calculations36 to
verify the accuracy of the model for the particles considered
here. Elongating the long axis of the particles enables us to
tune the polarizability without altering the distance between
the particles and the substrate. The scattering cross-section
exhibits a localized surface plasmon resonance that is red-
shifted and stronger as the aspect ratio increases.
Using the polarizability of these particles in our analytical
model, we obtain the results shown in Fig. 5b for an array
supported by a glass substrate. A transition very similar to
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FIG. 4. Color online a Calculated normal-
incidence specular reflectance of a square array
of 60-nm-radius gold spheres and period equal to
500 nm immersed in a fluid and placed at a
surface-to-surface distance of 1 nm from a glass
substrate see Fig. 1a. The refractive index of
the fluid is varied in the range n1=1.2–1.5
around the glass index n2=1.46. b and c
Maximum of the reflectance spectra as a function
of n1 for two values of the array period and three
different sphere radii see text insets. All spectra
are calculated with the analytical model of Eq.
9.
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FIG. 5. Color online a Scattering cross section of gold pro-
late ellipsoids with increasing long-axis radius R2 see labels and
short axis R1=50 nm. The polarizability is derived from Ref. 33.
b Reflectance of ellipsoid arrays calculated from the analytical
model of Eq. 9, using the polarizabilities of a. The ellipsoids are
immersed in water at a surface-to-surface distance of 1 nm from a
glass substrate see Fig. 1a. The incident electric field is along the
long axes of the particles R2, which are in turn oriented along a
principal lattice direction. The diffraction edges associated with the
water and glass media are indicated as vertical dashed lines.
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that of Fig. 4a is observed as the polarizability of the par-
ticles increases. The diffractive coupling in the superstrate
medium is suppressed by the presence of the substrate for the
50 nm spheres but as the long axis of the particles is in-
creased a new peak gains strength at wavelengths above the
diffraction condition in the substrate.
These results are qualitatively similar to those obtained
for spheres of increasing radius. Figure 6 represents the
transmittance, reflectance, and absorbance of gold-sphere ar-
rays immersed in water and supported on glass for various
particle sizes and fixed pitch of the array. The vertical dashed
line represents the onset of the 0,1 order diffraction. The
arrays show an absorption and reflection feature for a wave-
length slightly to the right of the onset when the particle
radius exceeds a value 60 nm. This is the result of a lattice
resonance involving the collective interaction of the spheres
close to the condition for which the noted order of diffraction
becomes grazing.37 The resonance is increasingly broadened
and redshifted as the particle size increases. This effect is
clearly visible when the radius is larger than 80 nm.
IV. CONCLUSION
Our results clearly show that the presence of a substrate
can reduce or even suppress diffraction in particle arrays.
This effect is important in experiments involving particles of
small height relative to the period.10 Diffraction can be re-
covered in samples with larger metal particles.18 These con-
clusions are important in the design of complex antennas
involving interaction between metal parts at distances of sev-
eral wavelengths on a substrate.38 They may also offer ways
of performing sensing by detecting small variations of index
of refraction in a fluid environment.17
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APPENDIX: LATTICE SUM FOR NORMAL INCIDENCE
We represent in Fig. 7 the calculated lattice sum G, as
defined in Eq. 3. This involves a poorly convergent sum
that is accelerated by separating it in parts that are computed
respectively in momentum and in real space, following the
methods introduced by Kambe.39 The sum shows character-
istic divergences at values of the wavelength for which a
diffracted beam in the Rayleigh construction becomes graz-
ing, as explained elsewhere.34
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FIG. 6. Color online Calculated zero-order transmittance, re-
flectance, and absorbance spectra for a square array of gold spheres
with increasing radius as indicated in the legend dielectric function
from Johnson and Christy Ref. 24. The array has pitch 550 nm
and is placed inside water refractive index 1.33. The sphere sur-
faces are separated 1 nm from a glass substrate refractive index
1.46.
λ a
a3
G
−500
0
500
1000
0.5 2 2 1 1.5
Re(G)
Im(G)
FIG. 7. Real and imaginary parts of the lattice sum G as a
function of wavelength  normalized to the period a for normal
incidence on a square array. The wavelength is given relative to the
medium in which the lattice is immersed.
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